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Abstract

In this paper, I have proved Proposition 2.1, Lemma 2.2 and Lemma 2.3 in Ernest Michael’s ”Topologies on

spaces of subsets”(1951).

Topologies on spaces of subsets by Ernest

Michael (1951)

0.1 Proposition 2.1.について

. ( )

X open collection (generate)

L X open collection

L∗ = {⋂F ;F ⊂ L,F }
T(L∗) = {⋃U ;U ⊂ L∗}

T(L∗)

Ø X

L∗ base (basis, open

base, ), L subbase (subbasis, )

⋃L ⊃ X T(L∗) X

⋃L ⊃ X open collection L
X

X T (X, T )

(Notation 1.4.)

A(X) = {E ⊂ X; E �= Ø},
2X = {E ⊂ X ; E closed, E �= Ø}

= {E ∈ A(X) ; E closed } ⊂ A(X)

(Notation 1.5.)

X subset {Ui}i∈I

〈Ui〉i∈I =

{
E ∈ 2X ;

E ⊂ ⋃
i∈I Ui,

E ∩ Ui �= Ø (for all i ∈ I)

}

I = {1, ..., n} 〈Ui〉i∈I 〈U1, ..., Un〉

Def. (finite topology, Definition 1.7.)

(X, T ) X open subsets U1, ..., Un

〈U1, ..., Un〉 open collection

2X finite topology 2T

〈U1, ..., Un〉
open collection 2X finite topology 2T

sub base base

(Proposition 2.1.)

U1, ..., Un : open in X 〈U1, ..., Un〉
open collection 2X finite topology 2T

base

B 2X base

(a) 2X ∈ B
(b) ∀U, V ∈ B(U ∩ V ∈ B)

(b) U = 〈U1, ..., Un〉 , V = 〈V1, ..., Vm〉
U ∩ V W = 〈W1, ..., Wl〉

(a) 2X = 〈X〉 :

〈X〉 = {E ∈ 2X ; E ⊂ X, E ∩X �= Ø}
〈X〉 ⊂ 2X

2X = {E ⊂ X; E : closed, E �= Ø} E ∈ 2X

E ⊂ X E ∩ X = E �= Ø

E ∈ X 2X ⊂ 〈X〉
2X = 〈X〉

(b) U = 〈U1, ..., Un〉 , V = 〈V1, ..., Vm〉 (∈ B)

U = U1 ∪ ... ∪ Un, V = V1 ∪ ... ∪ Vm
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U∩V = 〈U1 ∩ V, ..., Un ∩ V, V1 ∩ U, ..., Um ∩ U〉 · · · (∗)
( U ∩ V ∈ B)

( )

(∗)
U = U1 ∪ ... ∪ Un, V = V1 ∪ ... ∪ Vm

U = 〈U1, ..., Un〉
= {E ∈ 2X ; E ⊂ U,E ∩ Ui �= Ø(i = 1, ..., n)},

V = 〈V1, ..., Vm〉
= {E ∈ 2X ; E ⊂ V, E ∩ Vj �= Ø(j = 1, ...,m)}

W = U ∩ V

W

=

{
E ∈ 2X ;

E ⊂ U,E ∩ Ui �= Ø (i = 1, ..., n)

E ⊂ V,E ∩ Vj �= Ø (j = 1, ..., m)

}

=

⎧⎪⎪⎨
⎪⎪⎩E ∈ 2X ;

E ⊂ U ∩ V,

E ∩ Ui �= Ø (i = 1, ..., n)

E ∩ Vj �= Ø (j = 1, ..., m)

⎫⎪⎪⎬
⎪⎪⎭

E ∈ W E ⊂ U ∩V E ∩ (U ∩V ) = E

E∩Ui = E∩(U∩V )∩Ui = E∩(U∩V ∩Ui), E∩Vj =

E ∩ (U ∩ V ) ∩ Vj = E ∩ (U ∩ V ∩ Vj)

⋃{U ∩ V ∩ Ui; i = 1, ..., n} = U ∩ V ,⋃{U ∩ V ∩ Vj ; j = 1, ..., n} = U ∩ V

⋃{U ∩V ∩Ui; i = 1, ..., n}∪⋃{U ∩V ∩Vj ; j = 1, ..., n}
= U ∩ V

W = 〈U1 ∩ V, ..., Un ∩ V, V1 ∩ U, ..., Um ∩ U〉
((∗) )

0.2 Lemma 2.2. について

Def.(acceptable, Definition 1.6a.)

2X topology acceptable( )

{E ∈ 2X ; E ⊂ A} closed A ⊂ X

closed open A ⊂ X open

finite topology 2T 2X coarest( )

acceptable

finite topology 2T 2X acceptable

-

X L
L open

-

-

finite topology 2T 2X acceptable

(a) A : open in X

{E ∈ 2X ; E ⊂ A} : open in (2X , 2T )

(b) A : closed in X

{E ∈ 2X ; E ⊂ A} : closed in (2X , 2T )

(a) A : open in X finite topology

〈A〉 : open in (2X , 2T )

{E ∈ 2X ; E ⊂ A} = {E ∈ 2X ; E ⊂ A, E ∩ A �= Ø}
= 〈A〉 {E ∈ 2X ; E ⊂ A} open in (2X , 2T )

(b) A : closed in X {E ∈ 2X ;E ⊂ A} :

closed in (2X , 2T )

{E ∈ 2X ; E �⊂ A} : open in (2X , 2T )

E �⊂ A E ∩ (X \ A) �= Ø

B = X \ A B: open in X

〈X, B〉 : open in (2X , 2T )

{E ∈ 2X ; E �⊂ A}
= {E ∈ 2X ;E ∩ B �= Ø}
= {E ∈ 2X ;E ⊂ X, E ∩ X �= Ø, E ∩ B �= Ø}
= {E ∈ 2X ;E ⊂ X ∪ B, E ∩ X �= Ø, E ∩ B �= Ø}
= 〈X, B〉
{E ∈ 2X ; E �⊂ A} open in (2X , 2T )

( ) (b) (b)’

(b)’ B : open in X

{E ∈ 2X ; E ∩ B �= Ø} : open in (2X , 2T )

( )

-

finite topology 2T 2X acceptable

O acceptable

2T open O open

2T 〈U1, ..., Un〉 ( Ui: open)

〈U1, ..., Un〉 ∈ O

U =
⋃

i∈I Ui

- -

〈U1, ..., Un〉 = 〈U,U1〉 ∩ ... ∩ 〈U,Un〉
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i 〈U,Ui〉 = {E ∈ 2X ;E ⊂
U ∪ Ui, E ∩ U �= Ø, E ∩ Ui �= Ø}
Ui ⊂ U U ∪ Ui = U

〈U,Ui〉 = {E ∈ 2X ; E ⊂ U,E ∩ U �= Ø, E ∩ Ui �= Ø}
E ∈ 2X E �= Ø “E ⊂ U,E ∩ U �= Ø”

“E ⊂ U”

〈U,Ui〉 = {E ∈ 2X ; E ⊂ U,E ∩ Ui �= Ø}

〈U,U1〉 ∩ ... ∩ 〈U,Un〉
= {E ∈ 2X ; E ⊂ U,E ∩ Ui �= Ø (for all i)}
= 〈U1, ..., Un〉
(2-2-1 )

- -

O acceptable topology

〈U,Ui〉 : open in O (for all i)

i 2-2-1

〈U,Ui〉 = {E ∈ 2X ; E ⊂ U,E ∩ Ui �= Ø}
= {E ∈ 2X ;E ⊂ U} ∩ {E ∈ 2X ;E ∩ Ui �= Ø}

acceptable (a)

{E ∈ 2X ; E ⊂ U} : open in O
(b)’ {E ∈ 2X ;E ∩ Ui �= Ø} : open in O
〈U,Ui〉 : open in O

(2-2-2 )

( 2-2)

O acceptable topology

2-2-1 2-2-2 〈U1, ..., Un〉 O
〈U,U1〉 ∩ ...∩ 〈U,Un〉

O 2T open

O open

( )

-

- (Lemma 2.2.)

(X, T )

(c) A : closed in X

{E ∈ 2X ; E ⊂ A} : closed in(2X , 2T )

(d) A : closed in X

{E ∈ 2X ; E ∩ A �= Ø} : closed in(2X , 2T )

(c) (b) (d)

A : closed in X X \ A : open in X

{E ∈ 2X ; E ∩ A �= Ø}
{E ∈ 2X ; E ∩ A = Ø}
= {E ∈ 2X ;E ⊂ (X \ A)}
= {E ∈ 2X ;E ⊂ (X \ A), E ∩ (X \ A) �= Ø}
= 〈X \ A〉 : open in (2X , 2T )

{E ∈ 2X ; E ∩ A �= Ø} : closed in (2X , 2T )

( )

0.3 Lemma 2.3. について

Lemma 2.3

3-1 3-2 3-3

- (Lemma 2.3.1.)

(〈U1, ..., Un〉 ⊂ 〈V1, ..., Vm〉)
�
(
⋃n

i=1 Ui ⊂
⋃m

i=1 Vi ∀Vj ∃Ui s.t. Ui ⊂ Vj)

↽

〈U1, ..., Un〉 �⊂ 〈V1, ..., Vm〉 ⋃n
i=1 Ui ⊂ ⋃m

i=1 Vi

E ∈ 〈U1, ..., Un〉 \ 〈V1, ..., Vm〉
E �∈ 〈V1, ..., Vm〉 ∃j s.t. E ∩ Vj = Ø j

Ui Ui ∩E �= Ø Ui ⊂ Vj

↽

E ∈ 〈U1, ..., Un〉
E ⊂ ⋃n

i=1 Ui ⊂ ⋃m
i=1 Vi E ⊂ ⋃m

i=1 Vi

∀Vj ∃Ui s.t. Ui ⊂ Vj E ∩ Ui �= Ø

E∩Vj ⊃ E∩Ui �= Ø E ∈ 〈V1, ..., Vm〉
(〈U1, ..., Un〉 ⊂ 〈V1, ..., Vm〉)

⇀

〈U1, ..., Un〉 ⊂ 〈V1, ..., Vm〉 ⋃n
i=1 Ui ⊂⋃m

i=1 Vi E ∈ 〈U1, ..., Un〉
F =

⋃n
i=1 Ui\

⋃m
i=1 Vi �=Ø E,F ⊂ ⋃n

i=1 Ui

E ∪ F ⊂ ⋃n
i=1 Ui

i (E ∪ F ) ∩ Ui ⊃ E ∩ Ui �= Ø

E ∪ F ∈ 〈U1, ..., Un〉
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E ∪ F ∈ 〈V1, ..., Vm〉 E ∪ F ⊂ ⋃m
j=1 Vj

F ⊂ ⋃m
j=1 Vj F

⇀

〈U1, ..., Un〉 ⊂ 〈V1, ..., Vm〉
∀Vj ∃Ui s.t. Ui ⊂ Vj

∃Vk s.t. ∀Ui �⊂ Vk Vk

F =
⋃n

i=1(Ui \ Vk) F =⋃n
i=1(Ui \ Vk) ⊂ ⋃n

i=1 Ui i

F ∩ Ui ⊃ (Ui \ Vk) ∩ Ui = Ui \ Vk �= Ø

F ∈ 〈U1, ..., Un〉 F ∈ 〈V1, ..., Vm〉
F ∩ Vk �= Ø F

( )

( ) ”
⋃n

i=1 Ui ⊂
⋃m

i=1 Vi ” ” ∀Vj ∃Ui s.t. Ui ⊂
Vj ”

( ) n � m 〈V1, ..., Vn〉 ⊂
〈V1, ..., Vm〉

- (Lemma 2.3.2.)

2X finite topology Cl (〈U1, ..., Un〉) =〈
U1, ..., Un

〉
( ) ” Cl (〈U1, U2〉) =

〈
U1, U2

〉
”

- -〈
U1, U2

〉
closed in 2X

F �∈ 〈
U1, U2

〉
F �⊂ (

U1 ∪ U2

)
or F ∩ U1 = Ø

or F ∩ U2 = Ø

(1) F �⊂ (
U1 ∪ U2

)
F ∩ (

X \ (
U1 ∪ U2

)) �= Ø

V = X \ (
U1 ∪ U2

)
F ∩ V �=Ø

F ∈ 〈V, X〉 〈V, X〉 ∩ 〈
U1, U2

〉 �= Ø

(2) F ∩ U1 = Ø F ⊂ (
X \ U1

)
V = X \ U1 F ⊂ V F ∈ 〈V 〉

〈V 〉 ∩ 〈
U1, U2

〉 �= Ø

(3) F ∩ U2 = Ø V = X \ U2 V

X open set (2) F ∈ 〈V 〉
〈V 〉 ∩ 〈

U1, U2

〉 �= Ø

(4) 3 V X open set

〈V,X〉 〈V 〉 〈
U1, U2

〉
open set〈

U1, U2

〉
closed in 2X

( )

- -

Cl (〈U1, U2〉) ⊃
〈
U1, U2

〉

∀F ∈ 2X
(
F ∈ 〈

U1, U2

〉 → F ∈ Cl (〈U1, U2〉)
)

F ∈ 〈
U1, U2

〉
F �∈ Cl (〈U1, U2〉)

F ∈ 2X

F ∈ 〈
U1, U2

〉
F ∩ Ui �=Ø(i = 1, 2)

xi ∈ F ∩ Ui(i = 1, 2) xi ∈ F (i = 1, 2)

F �∈ Cl (〈U1, U2〉) ∃W :open in 2X s.t.

F ∈ W W ∩ 〈U1, U2〉 =Ø W

W = 〈W1, ...,Wm〉 F ⊂
W1 ∪ ...Wm ∃Wj(i) s.t. Wj(i) 
 xi(i = 1, 2)

Wj(i) xi ∈ Wj(i) ∩ Ui �=Ø

Wj(i):open in X Wj(i) ∩ Ui �=Ø(i =

1, 2) yi ∈ Wj(i) ∩ Ui(i = 1, 2)

2 A = {y1, y2}
A ∈ 〈U1, U2〉∩

〈
Wj(1),Wj(2)

〉
3-1 2〈

Wj(1),Wj(2)

〉 ⊂ 〈W1, ..., Wm〉 = W

A ∈ 〈U1, U2〉∩〈W1, ...,Wm〉 W∩〈U1, U2〉 =Ø

( )

( 3-2)

(1) 〈U1, U2〉 ⊂ 〈
U1, U2

〉
3-2-1〈

U1, U2

〉
closed in 2X Cl (〈U1, U2〉) ⊂〈

U1, U2

〉
(2) 3-2-2 Cl (〈U1, U2〉) ⊃

〈
U1, U2

〉
(3) (1),(2) Cl (〈U1, U2〉) =

〈
U1, U2

〉
( )

Def.( )

X x x {Uα}α∈A

basis for the neighborhoods of x (x )

∀U :open in X(x ∈ U → ∃α ∈ A s.t. Uα ⊂ U)

- (Lemma 2.3.3.)

{Uα}α∈A basis for the neighborhoods of x in X

{〈Uα〉}α∈A basis for the neighborhoods of {x} in

2X
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∀W :open in 2X

({x} ∈ W → ∃α ∈ A s.t. 〈Uα〉 ⊂ W )

1(Prop.2.1) W =

〈W1, ...,Wm〉 〈Uα〉 ⊂ W α ∈ A

{x} ∈ W = 〈W1, ...,Wm〉 {x} ⊂ W1 ∪ ...∪Wm

∀j = 1, ..., m ({x} ∩ Wj �= Ø)

∀j = 1, ..., m (x ∈ Wj) Wj

Uα ⊂ Wj α ∈ A

〈Uα〉 ⊂ 〈W1, ...,Wm〉 = W

( )
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