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Continuity of weak selections

Yasuyuki Kubo [

Abstract
In this paper, I study continuity of weak selections.

1. Joooooo

00000005 V.Gutev, T.Nogura “Weak or-
derability of topological spaces” Topology Appl.
157 (2010) 1249-1274. 0 00000000000
0000000 (0)0ooOOoooooOOooooDo
googn

gdodddodoooooooooooooooog
god

Ti-space X 000, X O non-empty closed sub-
sets 000 Z(X)0000.(X)0000000
Vietoris 00 7 000000,000 (F(X),7v)
O the Vietoris hyperspaces of X 0000

OO0O00DO0O0ODOOspaces 0000 infinite O
0 Hausdorff O O Osubset 2 C % (X) O OVietoris
topology 7v 0 00O hyperspaces (F#(X),7v) O
subspace 00 OO OO0

00 (selections)
map f: 2 — X 0O 20000 selection 000
VS e 2(f(S)esS)0000O0O0nnon

selection f : 2 — X 0O continuous 0 0 00O
0 O relative Vietoris topology 7v on 2 00O
0 continuous 00000000000 OOO fO
Vietoris continuous, 0 O 7y -continuous, 0000
f O continuous with respect to the topology 1v
goooooooo

00 selection000000, #(X)000000O
gboooooooog:

Fa(X) = {S C X; 12 (S| n},

(X" ={S C X;|S|=n},n=1

X0oOX'=24(X)ooooooooo, X o
(%#1(X), 7v) O homeomorphic 0000
X O orderable (or, linearly orderable) 0 00X

O0000X OO orderingx 00 XOOOOOO

open interval topology 7, 00000000000
0000, the order < on X 0 compatible for the
topology of X, 0 0 00O, a compatible order for
XO0O0O0O0O0O0O0O0O0O0O0O <-open intervals

(a)x={yeX;y<a} O
(x,=)x={ye X;xz <y}l,x e X,

000 900000subbase00000O0.

00 (weak selection)
F2(X) O OO0 selection f 0000 weak selec-
tion for X 00O O.

00 selection f: %(X) - X 0000X0OO
order-like relation <y 0 2,y € X 0000
r<ry = f({z.y}) =2
goooood
U000z <yy 00 2#4y000000 <y
good

set X 000 subset & C X2 O binary relation,
00000 relationon X OOO. X OO relation
£000,26y 0000 (z,y) €£000. &0
inverse relation &' D028ty < ySx 0000
goo.

X 0O relation & 00 X O subset O relation O
oooooooo,£000,B,CcX 0000,
B&C & Bx(Ccé&UOOOO. 00O, BEC &
VYyeB,VzeC(y&z)O0OO. 00000, 0xze X
[ll],{m}é"CDDDDD,xéOCDDDDDDDD
goodad.

00O (selection relations)
X 0O relation & O total OO anti-symmetric O
0000 O selection relation O 0O .

O O O selection relation 000000 = tran-
sitive 0 0 0. weak selection f for X 00O OO

Oooooo
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000000 relation <, 0000000 selection
relation D0 0. DO00O0OO0O0O0OO, selection re-
lation & C X2 000 weak selection fe for X 0
fe{z,y}) =2 <= 26y 0000000DO0OO,
weak selections for X 0O 0O 0O selection relations
on X O0OOOOOOO X O selection relation O
<,000.00,02,yeX0000,z<,y00
r<sy 00 z#y00000000.

00 (relation intervals)
selection relation 0 0 0000000000000
00 “intervals”(0 0) 00 O O O selection relation
Xson X 0O xeXOODOOODDOODOO:

(¢ als, ={y € X 1y %5 o},
[174))<s = {y ceX:z <s y}a

0000 <s-closed intervals DO 0. OO0, s
open intervals 0 000 :

(o). ={yeX:y=a}
(x, ). ={yve X x <y}

000,0z,yeXOOO0O,intervals 00000
000000000:

(J?,y)<s = (x7_>)'x<s n (<_7y)<m
[I‘7y]#s = [x’%)#s n (<_7y}<s7
(xvy]<.s = (.T, H)#s N (H’y]<s7

[x’y)<s = [:E,—))<S N (<_vy)<s'

od 1.1.
<s 0 X 00 selection relation, A,B 0 X O
nonempty subset 000000
(A,B)g, ={z € X;A<,2<,B}
— {(a,h)<.; {a,b) € AxB)
agooo

OO (interval-like topology)
X 00O selection relation x, OO0 0O0O0O0OO,
family
y#s = {(<_"r)<sv (x7—>)=\<s;x € X}

O subbase OO0 OO0 “xsopen” interval
topology I, 0 X 00000 selection topology
O00. 00, X OO linear order x, 00000
00009, 00000 open interval topology O
ggd.

00 (maximal, minimal, cut)
Is.0base 00000D0000,00000000

z € X O the s-maximal element of X 00O,
Vye X(y<,2)00000000.

xz € X O the x;-minimal element of X 00O,
Vye X(z<,y) 00000000,

OO0000 ze X 0O <x,cut 000

O0. 2 € X O Sg-cut 00O, (+,2)5, #0 #
(x,—)<, 00000000 Ja,b € X(z € (a,b)<,)
gbooboobod.

00000000oo0oooOooD 3-23)000oo
0oooooooooooooon

od 1.2.
<s 0 X 00 selection relation Or 0 <s-cut point
of XO0OzeUe J5, 0000
0000044, B C X s.t. A, B : non-empty finite,
ze(A,B)<, cUDOOD

2. selection O continuity

space X D00O0OA: X2 = X20000000
U0 map Qo
Az, y) = (y, ), (x,y) € X2 (2.1)
A O homeomorphism 00O .

o
space X 00O binary relation & O closed (00O O,
open) 00 0& C X? O closed (00O, open) O
gopbogo.

00 2.1.( [5] prop.2.4.)
00 X 00 selection relation 0 , 000000
(1) s : closed & <, : open.
(2) %5 : closed & Vz,yeX (z<,y — U,V C X,
open s.t. z € U,y € V and U<,V).
OO0. (1): <50 closed DO0O0DO00ODO inverse
relation (<s)™' = A(<s) O closed 0000 (+ A
0 homeomorphism) 0000 <= X2\ (x5)"' O
O<sOopen 000000 OOODODOOOODO <
Oopen0000=<s0 closed 0000
(2): (1)0D00<s: open & Vr,yeX (x <,y —
JU,VCX,openst. xcUyeVandU <, V)
gobgoooo

<s:ropen UOODOOOOO
V{z,y) €<s IUXV C X?%s.t. (x,y) €e UxV C=q

000002z #y0000(x,y) €< & <, y
goboobooboboooodga
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0000000000 0O D350 (DO 250)

Vo, yeX (x<,y — IUXVCX?st. (z,y) eUxV
C~s)

O00(x,y) e UxV &z € Uy € VOO
UXV C <5 & YuelU,veV (u<sv) & U<,V 00
gooooooooood
Vo, yeX (z<sy — IUXVCX?st. e UyeV
00 U=, V)(@Ooo)

00 2.2.([5] th.2.5.)
00 (X,7)0 X OO linear order x DO O00OD
ooo:
(a) < : J-closed.
(b) z,yeX, z<y 000, 3U,VCX,T-open sets
st.xelUyeV,U<V.
(¢) z,yeX, x<y 00O 0O, U, VCX,T-open sets
st.celUyeV,e<V,U<y.
(d) 75 C 7.
00. (a)«(b): 00000 21(2) 000000
(closed & T -closed)
(b)—=(c) : zeU,yeV, U<,V 000 0z<:U,V<sy
goobooo
(c)=(d): (c)D0000zeX 0D0OO0O0ye(z, =)<
000000 (¢) 00 IVCX, T-open s.t. (yeV,
Va(z<2)) 000000000VC(zr,—)< 00
000000y € (z,—)<x 000 3VCX, T-open
s.t. yeV C (SL‘,—>).\< ooooooooooon
(r,)< € 700000000 (+,z)5 €. 00
0o0o0o0Jzc.o000o
(d)—=(b): (d)0D0000(b) 000000z, yeX,
z=<y 0000

(v, )< #0000 z€(w,y)< 000 OU= (%, 2)<,
V=(z,—)< 0000

(z,9)< = 000 0U=(+y)<, V=(z,-)< O
aoo

00000000zelU,yeV,U<VOOOO
Uedg,Vedg, I<C7000000(0b)00
goog

00000@)«(b)=(c)=(d)—(b) 00000
000 (a), (b), (¢), (0000000 (0O0)

selection g : [X]2 = X 0O f{z}) =2z (2 € X)
0000000000%(X) O selection f 00O
000000 Oselection relation <y O selection f
for #2(X)0 000000, relation <5 O f[[X]?
googooobg.

00, fO %(X)0DD00O0O selection 0000
O openV C X OOOOV)NF(X) C f~Y(V)
gooo

00 (1): /0000000 D00ODODOO |DDOO
goooog
2): (V)={Ee Z(X);ECV,ENV #0} 0
O000DOFE € (V)NFA(X)OODODODECVO
000000 f0 selection 0000 f(E) € ED
0000000 f(E)eVOOUOoooooooo
EefY(Vv)yoooo

oo 2.3.
f0O %(X)0000 selection 0000

f : continuous < f[[X]? : continuous
O0. f: continuous = f][X]? : continuous O O
00000 f : continuous < f[[X]? : continuous
goog
f:Z2(X)— X0 continnou 000000000
0 [MVzeF(X) VV:open (2€VCX — 3U:open
s.t. 2€UCF(X), f(U)CV)00D00000000
D0U=VN%X)0oooou c f~4(v)oo
ooo f(U)ycviooooooooo(@mono)

O0000000[X]20 Z(X) 00 selection
000000 contimity DODOOO0O0OO00OO0OO
O 0 O O closed relation O O O O O weak selection
O continuity OO OODOOO

00 2.4.(1[5] th.2.6.)

00 (X,7)0000 weak selection 0 f 0000
godd:

(a) selection relation <y O J-closed.

(b) z,yeX, x<yy 000, U, VCX,T-open sets
st.xelUyeV U<V,

(c) f O Ty()-continuous.

00. 002100 (a)<(b) 0000(b)(c) 0
goooog

(b)=(c): 00020 z,ye XOOOOx <5y
oooo()oooooo u,Voooow cXO
x000 J-open 000000

{UnW, V) ={EcF(X); ECUUW)UYV,
EnN(UnNW)#0, ENV #0}000000a#b
0 {a,b} e (UNW,V)ODODOO
acUNWbeV .- (1) 0000
beUNW,acV ---(2) 0000

() D000a <, 600000 f({a,b}) = a €
Unwcw

(2)0D000b <y,e00000 f({a,b}) =0 €
unwcw
00000000 f({eb}) e WODDOODOOODO
FUAW, V) cwooon
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0000VW:Z-open AW’ open in F(X) s.t.
FW)CcWODOOOO(c)000D0O
(¢c)=(M): 00020 2,y €c XOOOOz <5y
0000 0 Hausdorff 00002 € W,y € Wy,
0000 disjoint 0 J-open sets 0000 f 00
{z,y} O 7y (7)-continuous 0 O f({z,y}) =200
O0O003W’: open in % (X) s.t. f(W)C W, O
00030,V : open st. {z,y} € (U, V) CcWOO
O000zcUCW,,yeV CcW, 000000
oo---(0)
00DOsel,teV 00 f(s,t)eW, 000 f(s,t) &
W,00000 f(s,t) ¢V ODODOOf(s,t) #£¢D0
0000 f(s,t)=s000 s<,t0000000
00U <,V O0000()OO00000(@oo0)

00 : (¢)=»(b) 00000000V ¢ W,V ¢
w,000U0,voooooooooooonoo
3100U c U,V cV - (UV)c U, V)0
gooooooooooon

00 24(Mb)0000000O0DO0O0OOODOO
00 2.5( [5] corollary 2.8.)
space (X,.7) 0000 continuous weak selection
f0,7 000 finer0 X OO topology 0000
O, continuous 00O O.

3. dense weak selection

O0. infinite countable set X 0O OO0
[(X]<¥ =UJ{[X]": 1< n<w},
(XY ={SCX:|S|=w}.

oo. (MAD)
family o/ C [X]¥ O almost disjoint 000000
000 AABe 0000 ANDB : finite D00O.
almost disjoint family &/ C [X]¥ DO0O0OO
O00000 maximal 00D O0OOOOOODOO
Be X\« OODOOO AN B : infinite 0 O
0 A€o/ 000000 0maximal almost disjoint
(MAD)ODOOOOODO

O00. (Ks-decisive)
<s 0 X 00 selection relation 0 0. 0O X O
nonempty subset 0 family 00 O.

MO K-decisive 00000000 C,D e A
o000 C<,D000 D<,CO00000000

A O alomost <,-decisive 000000000
P,Q € . 00000 finite subset Fp,Fg C X
O0000Fp #£0# FoO00 Fp<.Fo 000

Ig=<.,Fp 000000000

00. (tree, chain, branch)
partially ordered set (T, <) 0 tree 00,0 t €T
0000{seT:s =<t} 0 well-ordered 0000
gooo.

7 CTO <000 linearly ordered 000000
w0 tree (T,<) O chain 0000

T 0 maximal chain 7 O T 0 branch(O) OO
0070 branch D00 ZT)DOODO

00. (Cantor tree)
O0000000o0ooooooog Ssoooo
00 t¢:N—-SO00o0sYNoooo

S<v =J{S":n < w}
gooo

teS<vgog,Dom(t)0 t0 domain(DOO)
googd

S<w 000 partial order COOODO ;

s,teS<v 0000
s Ct < Dom(s) C Dom(t),t | Dom(s) = s.

00000(S<¥,C) O branch BeAB(S<¥) O
BreSY 0 MB={p*In;n<w} 0000000000
000 B(S<¥)=S00000008(5<%) =2%
0000 tree (2<¥,E) O Cantor tree 01 0 00

00. (dense weak selection)
selection ¢ : [X]? — X 0 dense in X 0002
00 disjoint 00000 F,G € [X]<* 0000
F<2<,GO0000 zeXOOOOODODOO
oo : 0011000
F<,2<,GO0O00O ze X0OOO
<:>(F7G)<S 7&0
goog

00 3.1( [5] prop.3.3.)
X 0O, infinite set, ¢ O, dense weak selection for
X, <0 linear orderon X 00000 OOCOO
Jr,y,z € X st x <52 <5y 00 2z < {z,y}
O0. a,beX,a<,b0000¢ 0O densein X O
O00{b}<sc<s{a} DOODO b<sc<sa0 ce X O
000000 2 =ming{a,b,c} 0000

z=c0000b<sc<,a 000000z =by=a
goboooo

z=b0000a<sb<sc<sa 00 0a<b<sc00
db0b00z=aq,y=cO0000000

z=a0000b<sc<sa=<sb000c<ga=<:b00
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0000000000 0O D350 (DO 250)

O000z=c,y=00000000(000)

go.
selection ¢ : [X|? - X 000,
PD(p) ={A C X;¢l[A)? is dense in A}
gooo
O000p[[A?isdensein ADD, 200 dis-
joint 0000 F,G € [A]<* 0000F<,2<,G 0
000 e AODDOOOOOO

00. (partition)
set XO0DODDZY ={Py, .} 0000 partition O
00000PNP, =0, UP,=X000000
goog

00 3.2([5] prop.3.4.)
dense selection ¢ : [X]? - X 0000,0000
go:
(a)  ={P,,P,} O X O partition 00000,

P, € 9(p) for some i < 2,
(b) F,G € [X]<* O disjoint 00000,

{x e X ; F<,0<,G} € Z(p).
00. () DO00D00J, partition & = {Py, P} O
Py, P ¢ 92(p) 0000i=0,100000¢[P)?
0 dense 00000, 200 disjoint O F;,G; €
[P]<*00000PN(F,G)=00000

000Py, P, O disjoint 00O O0F = FyUF, O
G=GyUG, O disjoint 000000000¢ O
densein X 00000000 zeX=FUP O
O00000F<s2<,GO00O0

F=FUFO0O0G=GUG,0000F<2<sG
0004=0,1 000 0F<2<,G; 000000
z€(F,G)<. 0000

z€P000 z€ PN(Fy,Go)<. 000k e Py
000 ze€ PN (F,G)<, 0000000000
0OPN(F,G)=0(3:=0,1)0000000000
()000000

(b) 00 OO O0Odisgjoint set F,G € [X]<¥ OO
B={zxe X ; FL,2<,G} € Z2(¢) 0000 (a)
000 X\Be 2(p) 0000242000000
Vo € F(FA.x) D0 Vo € GlaA,G) 000000
Vzee Fe ¢ B)O0OVze Gz ¢ B)0ODODO
OO0F,GCX\BOOODOOOpO dense(in X\B)
000000000 F,GOOOOOF <,2=<,G
0000 e X\BOOOOODODOODOBOOOO
O0zeBOOUOOOOODOODOOOOO((M OO
oooo(@oo)

4. selection O O O continuity

0000 Olinear order x D000 (0O 2.2)0
weak selection fO00 00 (00 24) 0000000
0000000 4.1 00O selection relation <, 0
gooooobooooboooon

00 4.1( [5] prop.4.1.)
00 (X,7)0000 selection relation O =<4 O
gboogooogd:
(a) z,yeX, x<,y 000, U, VCX,T-open sets
st.zelUyeV,x<;, VU=<;y.
(b) I, C 7.
00. (a)—(b)000000(b)—(a)000000
()O00000z<,y0000V = (z,—)<, 00
O00z<, VOOOOx=<,y0O0yeVOOOO
000U = (+,y)<, 00000U <, yO00O0O0
r<,y00zeUDO000I, CcTO0000,V
00 J-open 000O(OODO)

002400041 0000000

00 4.2( [5] corollary 4.2.)
space (X,.7) 00 J-closed relation 000 <¢ O
009, C Z00000000 z € X 00(+,)<,,
(z,—)<, €7 0000

00O : selection relation O O linear order O O
00000000 220000 J%, cZ 00 Z-
closed 00O g -closed 00000

0O. (separately continuous)
f O space (X, ) 0 weak selection 0000
J O separately continuous 0000009, C 7
goboooboono

OO0 : 0024000 4200 continuous O
O separelely continuous 00000000000
goodoooooooboboon

O0O. (properly continuous)
f O space (X,.7) 0 weak selection 00 0O
f O properly continuous 000000
(i) f O separately continuous,
(ii) selection relation <y 0 J,-closed,
gobooboobooboooobdga
00 : X O topology O J%, 0000 .%(X) O
Iz, 000000 Vietoris topology 00000
0000 2.4 00 Oseparately continuous O weak
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selection f O properly continuous 0000000
0000000 f0O continuous DOOOOOODODO
OO 2.5 00 Oproperly continuous O continuou
goodd
000000 0“ontinuous — separately con-

tinuous”, “properly continuous — separately con-

tinuous”, “properly continuous — continuous” O

ooo

O000Ocontinuous 000000000 dense O
goooooad

00 4.3( [5] prop.4.6.)

infinite set Z 00 00 dense weak selection O f
00000020000 <y-cut 0000

O00. 220000000 <pcut O0O0O0OO
O000000Z O infinite 0000000QOO
x € Z\{z} 00O Odisjoint 0 {z},{z} O0DODO
fOdense 000z <fa <520 2<pb=<pxl0
0000000 a,becZ00000a<p2z<pb0
0000 zé€ (a,b)x, 00002 00<y-cut 00O
0o(@oo)

00 4.4( [5] prop.4.7.)
infinite set Z 00 00 dense weak selection O f
000000 f 00Oselection topology J%, 000
O continuous 000 O0O0O0O00Z0O space0 000
f 00 properly continuous 0 0000
oo0. f0O §<f 0000 continuous O OOOO
goooooog

00000 z,y e Z0000x <,y OO0
00430000 z,yO <p-cut 0OOO0O0OO0
0 2.1, 00 24 00O non-empty finite disjoint
0 A,,B, C Z O non-empty finite disjoint O
Ay, B, CczZ0O000O

LS (AI?B$)<f7y € (Ay’By)-#fa

oo (vaBw)<f =f (AyaBy)<f (4.1)

googn

000000 32000 f(Ag, By)<, O dense
000000 (4., B,)<, 000000000000
s€(As,By)<,\Ay(#0) 0000000000 A,
0 B, U{s} ODOdisjoint 0000 f O dense O
00A,<st<;B,U{s} 0000 ¢teZ0000D
t<;B,U{s}000000¢t<;s0000

D00s€ (A, By)<, 00 te(Ay,By)<, 00
0000(4.1) 00 s<4t 00000000000
0o(ooo)

gooo
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